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Abstract--An interpretation is given of the observed variation of eddy conductivities. sb, in a heated 
channel. A homogeneous model which assumes constant turbulence properties and a plug flow explains 
the gross features of the eddy conductivity profile. The large variation of E,, close to the wall is explained 
as mainly due to the time dependency of the turbulent diffusion process. In order to get closer agreement 
with measurements, the homogeneous model has to be modified to account for the variation of average 
velocity and turbulence intensity. This is done and values of the von Kdrmiin constant for heat transfer 

are calculated which are in good agreement with experiment. 

NOMENCLATURE 

channel half width or pipe radius ; 
heat capacity at constant pressure : 
diffusion coefficient ; 
thermal conductivity of fluid; 
heat flux per unit time per unit area ; 
heat flux per unit time per unit length : 
radial distance ; 
Lagrangian correlation coefficient : 
Reynolds number = 4a U,/v for a chan- 
nel or 2a UJv for a pipe ; 
time ; 
temperature of the fluid; 
temperature of the tluid at center: 
dimensionless temperature = (T, - T) 

PqJ*lq; 
velocity fluctuation in the axial direc- 
tion ; 
local average axial velocity ; 
centerline velocity ; 
bulk averaged velocity ; 
friction velocity = J(zJp); 
velocity fluctuation normal to the wall; 
distance in axial direction ; 
characteristic scale in axial direction : 

* Presently with the Environmental Protection Agency. 
Evansville. Indiana. 
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distance in normal direction ; 
dimensionless normal distance = y 
V/v; 
mean squared displacement ; 
thermal diffusivity = k/PC, ; 
eddy diffusivity for heat transfer : 

eddy viscosity; 
fluid density ; 
Lagrangian time scale ; 
shear stress at wall; 
fluid viscosity ; 
kinematic viscosity = p/p. 

I. INTRODUCTION 

MEASUREMENTS of fully developed temperature 
and concentration profiles in turbulent flows 
are often correlated through the use of eddy 
diffusivities and eddy conductivities. This paper 
presents an interpretation of the observed 
variation of eddy conductivities. 

For this purpose, we consider the measure- 
ments of Sage and his coworkers [l], who con- 
ducted heat transfer experiments in a rectangular 
channel with a half width a of 0.338 in. and an 
aspect ratio of 17.75. One of the walls was heated 
and the opposite wall was cooled at the same 
rate. The measurements were influenced by 
both viscous dissipation and compression work. 
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FIG. 1. Temperature profile. 
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FIG. 2. Interpretation of eddy diffusivities by homogeneous 
field 

However, these effects are ignored, since as 
shown by Blanc0 and Gill [2], they cauSe a 
maximum correction of 12 per cent in the run 
considered in this paper. 

Far downstream the fully developed tempera- 
ture profile shown in Fig. 1 was obtained. It’ the 
flow were laminar, this temperature profile 
would be a straight line. The larger slopes 
observed near the wall for turbulent flow 
indicates a larger resistance to heat transfer. 
This can be interpreted as due to the variation 
of the flow field and turbulence properties across 
the channel and, as previously pointed out by 
Hanratty [3], to the time dependency of the 
turbulent diffusion process defined by Taylor [4]. 

From the temperature profile in Fig. 1, the 
eddy conductivities E,, shown in Fig. 2 are 
calculated from the heat flux 9 using 

(1) 
lJLP "Y 

where c( is the molecular thermal diffusivity. For 
comparison, the component of the turbulent 
intensity perpendicular to the wall (3)*/U*. 
measured by Laufer [5] and by Comte-Bellot [6]. 
is also shown. It is noted that the moderate 
variation in the intensity is comparable in 
magnitude to the variation in E,, observed for 
y,/a > 0.4. Close to the wall, where E,, is showing 
a very rapid variation, the intensity is almost 
constant. The region in the immediate vicinity 
of the wall, where viscous effects are important 
(y’ < 30) is not shown in Fig. 2. Here the in- 
tensity varies very rapidly. 

Johnk [7] has made extensive measurements 
of temperature profiles for air flowing in a 
heated 3 in. pipe. Eddy conductivities calculated 
from his measurements at Reynolds numbers of 
17 000 and greater [8] are shown in Fig. 3. The 
dashed line is an empirical fit [93 to these eddy 
diffusivities using an equation of the form pro- 
posed by Reichardt [lo]. 

Eh __ = 0.0752 
/III* 

[I + 2.245($] [l -(3’]. (2) 
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FIG. 3. Eddy diffusivities in a pipe. 

The eddy diffusivities obtained from pipe heat 
transfer data show the same trend as the mea- 
surements of Sage [l]. In fact, close to the wall 
the numerical agreement between the two sets 
of measurements is within experimental error. 
Johnk and Hanratty [8] have interpreted the 
measurements of Johnk [7] and have shown 
that in the region y+ > 30 to y/a < 0.15 the 
temperature profile can be described by 

T* = 3.3 + 5.1 log,, y+. (3) 

This suggests that in the wall region the eddy 
diffusivity is given by 

Eta __ = 
aU* 

0.45 !! . 
0 a 

(4) 

As seen in Fig. 3, this is a good representation 
of the limiting behavior of the eddy ditfusivity 
profile outside the viscous region for r,/a + 1. 

The viewpoint taken in this paper is that the 
gross features of the variation in E,, outside the 
viscous region can be interpreted by using a 
model for a homogeneous velocity field. The 
variation of eh in the viscous region, which will 

not be considered in this paper, is intimately 
connected with the variation of the properties 
of the flow field and should probably be ex- 
plained by using a model for the turbulence 
structure of the type used by Sirkar and Han- 
ratty [ 111. We interpret the large variation in 
~~ from y+ > 30 to y/a < OS15 as being mainly 
due to the time dependency of the turbulent 
diffusion process. The effects of the nonhomo- 
geneities in the turbulence properties and ot 
the variation of the average velocity are intro- 
duced as semi-empirical corrections to the 
homogeneous model. 

In the second section of this paper, we assume 
a homogeneous turbulent plug fiow and predict 
the variation of the eddy diffusion coefficient. 
In the calculations, we use the bulk averaged 
velocity and the turbulence intensity measured 
at y/a = 0.7. In the third section, we develop a 
mQde1 for diffusion in the wall region for which 
U is varying but for which the turbulence 
properties normalized with respect to U are 
constant. Calculations based on this model use 
the value of (?)f/U measured in the region close 
to the wall. This model agrees with equation (4) 
and disagrees with measurements of Y,, far from 
the wall where (7)*/U is varying. In section 

of turbulence intensity by introducing a semi- 
empirical correction. 

2. MODEL FOR HOMOGENEOUS TURBULENCE 
AND PLUG FLOW 

Taylor [4] described turbulent diffusion from 
a source or sink located in an infinite homogene- 
ous field and Batchelor [12] and Hanratty [3] 
have shown how this description may be applied 
to more general transport problems. 

It has been observed experimentally that 
diffusion from sources in a homogeneous flow 
Geld may be described by a gaussian distribution 
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both for small and for large diffusion times. 
Consider a continuous line source of heat of 

strength Q per unit time per unit length in a 
uniform flow with velocity U, large enough that 
ditl’usion in the tfow direction x can be neglected. 

If the field is of intinite extent, the temperature 
distribution in the y-direction is then given as 

Q ubpc,T = Z-J J(F) exp ( - Y2/2Y2). 0) 

According to Taylor [4], the mean squared 
displacement is given as 

y’ = 2;;z f (t - s)R(s) ds 
b 

(6) 

where 2 is the mean squared component of the 
velocity fluctuations in the y-direction and R(s) 
is the Lagrangian correlation coefticient of the 

diffusing particles. For small time 

ik7t2 (7) 

and for large time 

i=g const + 22 zt, (8) 

where z is the Lagrangian time scale defined as 

z = rR(s)ds. (9) 
b 

If we use Einstein’s [ 131 definition of a diffusion 
coefficient, 

ldp 

E=Z-dt’ 

we see that turbulent diffusion from a line source 
is time dependent in that E is a function of time. 

As t -+ 0 the diffusion coetlicient E increases 

linearly with time and at large times it reaches a 
constant value equal to 7 z. 

We would now like to apply Taylor’s interpre- 
tation of turbulent diffusion to the heat transfer 
section shown in Fig. 4 in which heat is being 
transferred from a hot surface to a cold surface 

separated by a distance 2~. Fluid flows at a 
velocity U,. The rate of heat transfer per unit 
area is q. 

Consider the ditferential source at y = 0. 

X r X’ 

Hot Cold 

20 

Q-2qdx’ 

-Y 

t i I 
“h 

-Q=2qdx’ 

FIG. 4. Representation of problem 

x = x’ for which Q = 2 q d x’ add the differential 

sink at y = 2a, x = x’ for which Q = - 2 y d .Y’. 

We cannot use (5) directly to describe this source- 

sink pair since we are now considering a finite 
field. We consider the case where heat originating 
from this source-sink pair does not diffuse out 

of the tield; and therefore, we can synthesize a 
solution from (5) by placing an infinite series 
of retlecting sources and sinks at y = - 2 a. 

- 4 a. - 6 a. . . . + 4 a, + 6 a, + 8 a. [3]. 
The temperature field for this source-sink pair 
can thus be given as 

U,pC,T = --- 
2q d x’ 

4274 J ry’ (N 

{r( - 1)“exp (- %;‘)I. (10) 

-CC 
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Here p is a function of the amount of time t the 
diffusing material has been in the Geld and t can 
be related to the location in the channel in the 
following way 

t = (x - x’)/U,. (11) 

Now if we want to calculate the temperature 
profile at some location in the field x due to 
source-sink pairs located at values of x’ from 
0 to x, we obtain 

+.CO 

E ( - 1)“exp (- (;;:,;J2)} (12) 

-m 

where t is given by (11). At large values of x (12) 
predicts a fully developed profile. If we assume 
that the Lagrangian correlation coet’fcient is 
given as 

R(r) = exp 
( 1 
- i 

and if we take 

(3 
u*- = 079 

Ub? = 2.75 
a 

we compute the curve shown as a solid line in 
Fig. 1. From this temperature profile and the 
definition of an eddy diffusivity, equation (l), we 
calculate the &,-profile shown as a full line in 
Fig. 2. The value of T used in the calculations 
was chosen so that the computed and measured 
eddy diffusivity profiles agree at y/a = 0.7. 

It is seen that the computed &,-profile has the 
same gross features as the measured &,-profile. 
At large distances from the wall the diffusing 
material has been in the field a long period of 
time and therefore, we compute Ed = 3 T, corres- 
ponding to the limiting value of the line source 
eddy diffusion coefficient. The diffusing material 

close to the wall which is influencing the tem- 
perature gradients has been in the field for 
relatively short time periods and therefore, has 
smaller values of E,, corresponding to the smaller 
values of the line source eddy diffusion coefiici- 
ent found for small times. 

As mentioned in the introduction, the differ- 
ences between the &,-profile for the homogeneous 
model and the measurements are interpreted as 
due to the variation of the average velocity and 
the turbulence properties across the channel. 
We conclude that the variation of U is playing a 
major role in determing these differences in the 
wall region since the use of a value of? corres- 
ponding to the measurements close to the wall 
in the homogeneous model would make the dis- 
crepancy between the calculated and measured 
values of Ed even greater. 

3. INFLUENCE OF VARIATION IN THE LOCAL 
AVERAGE VELOCITY 

In order to examine the effects of the variation 
of local average velocity, we use an approach 
similar to that employed by Sutton [14] to 
describe diffusion in the lower atmosphere. The 
turbulence properties will be assumed to be 
homogeneous if normalized with respect to the 
local average velocity. Particular attention will 
be given to obtaining an improved representa- 
tion of the eddy diffusivity in the regions close 
to the wall. 

Studies of diffusion from wall sources have 
been made by Poreh and Cermak [ 151 and by 
Wieghardt [ 161. These measurements indicate 
that wall diffusion in an infinite medium can be 
represented reasonably well with an equation 
of the form 

UpC,T=dexp (14) 

As shown by Pasquill [ 171, the constants d and b 
can be defined from a heat balance 

2qAx’ = f pUCTd y 
-m 
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and from the definition 

7 = 7 y2pUCT dyl 1 pUCT dy. (16) 
&J 

From (15) and (16) the following relations are 
obtained for d and b : 

d _ 4x’ [Wn)lf 
[r( l/n)1 + P)+ 

(17) 

(18) 

For the case of n = 2 we obtain equation (5). 
The definition p at a given distance (x - x’) 

from a source was easily obtained in the previous 
section from Taylor’s representation ofY’ (t) by 
using the relation t = (x - x’)/U for a plug flow. 
Since we now want to consider the case of 
variable velocity a somewhat different approach 
will be used. 

The trajectory of a diffusing particle is given 
as 

dY v 

dx u+lJ 
(19) 

where u is the fluctuating velocity in the x-direc- 
tion and u is the fluctuating velocity in the 
y-direction. It follows from (19) that 

x-x’ 
J= = 2 [ ((x - x’) - i;) R(4) d5 (20) 

b 

where 

We see that the evaluation of y depends on 
our ability to evaluate R(t). Since measurements 
of R(t) are not available, it is necessary to make 
assumptions regarding its form. If U $ u, 

It will be assumed that 

(7)” -- 
U 

0 

0 

A 0 
0 

A 

0 vs. y/o, Re=52,500 a * 
o vs, y + , Re=52.500 n h 

n vs.y/o. Re=500,coO 

Y/a 

FIG. 5. Variation of intensity. 

and the x-length scale of the turbulent velocity 
fluctuations are independent of y. It, therefore. 
seems reasonable to use the following form 
for R(t): - 

(23) 

where x0 is a characteristic length scale. If the 
turbulence is homogeneous and the velocity 
profile is uniform, U = U,, we see that [ = U,t 
and therefore that 

xg = U,T. (24) 

Values of (7)*/U calculated from Laufer’s mea- 
surements [5] are shown in Fig. 5. It is seen that 
(2)+/U is relatively constant from y+ = 10 to 
y/a = 0.2 and, therefore, that (23) might give 
reasonable results over this region. 

Calculations have been carried out for the 
heat transfer problem outlined in Fig. 4 using 
(14). (20). (23). and the procedures outlined in 

the previous section for handling multiple wall 
sources and sinks of heat in a finite field. The 
experiments of Poreh and Cermak [ 151 and of 
Wieghardt [16] suggest values of n in the range 
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161% We have used a value of n = 2 in our 
calculations. From Fig. 5 we obtain values of 
(7)+/U of GO63 at Re = 52500 and of 0.048 at 
Re = 5000000. The variation of U with y was 
determined by using the Cess [18] equation 
for the eddy viscosity. 

:=;{y [I -(5)‘] [l +2($]’ (25) 

We assume that f (5/x0) is given by the equa- 
tion 

f i = ,-nxo. 0 x0 

From the matching of the measured and calcu- 
lated eddy diflusivities at y/a = 0.7 discussed in 
the previous section for a homogeneous field, we 
obtain an estimate of x,/a z 2.75. From the 
matching at y/a = 1.0 for a non-homogeneous 
field discussed in the next section, we also obtain 
the same estimate. Calculated eddy conduc- 
tivities in the region y+ = 30 to y/a = 0.15 are 
shown in Fig. 6 for Re = 52 500 and for x0/a = 
2.75. It is seen that good agreement is obtained 
with measurements as represented by equation 
(4). A value of the von Karman constant for heat 
transfer of 0.43 is predicted for Re = 52 500. This 
is to be compared with the value of 0.45 indicated 
by the experiments of Johnk [ 81. In order to 
illustrate the effect of the variation of U on ch as 
suggested by (14) we have carried out the same 
calculation using a plug flow assumption. 
U = U,; and the value of 

!E? = 0.97 
u* 

suggested by the measurements of Laufer [5] 
close to a wall shown in Fig. 2. It is seen that 
much poorer agreement between the calculated 
and measured values of eddy conductivity is 
obtained. 

q c~lculoted, Flat Velocity Profile 
:;j 

I I I I I 
25 50 75 loo 125 

Y+ 

FIG. 6. Eddy diffusivity close to wall. Re = 52 500. 

It is seen in Fig. 6 that the logarithmic region 
where equation (4) is valid covers only a small 
range of yf at Re = 52 500. Therefore, calcula- 
tions were carried out at Re = 500000 using a 
value of x,/a = 2.75. As seen in Fig. 7 good 
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Y+ 

FIG. 7. Eddy diffusivity close to wall, Re = 500000. 

0 
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agreement is obtained with (4) and a von KArmAn 
constant for heat transfer of 0.46 is calculated. 

4. EMPIRICAL CORRECTION FOR THE 
VARIATION OF TURBULENCE PROPERTIES 

The values of E,, computed by the methods 
outlined in the previous section deviate con- 
siderably from measured Ed for y,/a > 0.15 (see 
Fig. 8). We interpret this as being due primarily 
to the variation in the turbulence properties. 
For example, if we had used a value of (T)“iU = 
0.039 corresponding to y/a = 0.7. much better 
agreement would be obtained in the central 
region of the channel. 

FIG. 8. Empirical correction of calculated eddy diffusivities. 

In order to illustrate the influence of the varia- 
tion of turbulence properties, we assume that 
the x-scale of the turbulence is approximately 
constant over the channel cross section. From a 
consideration of some of the ideas advanced in 
section 2, we would expect the eddy conductivity 
in the region where 

VS 

is varying to correspond to diffusional behavior 
at large times and. therefore, that E,, is varying 
approximately as TLJ*. We have, therefore. 
corrected the values of E,, calculated in the previ- 
ous section by the ratio of the local value of 
g/U2 to the value ofT/U* = OX)0397 valid for 
the region close to the wall. The value of x0/a = 
2.75 used in these calculations was selected so 
that the calculated Ed agrees with the measured 
E,, at y/a = 1.0. It is seen that the trend of the 
calculated values of Ed is the same as that for the 
measured E,,. It would appear that the deviation 
of the measured eddy conductivities from those 
calculated for large y/a by methods outlined in 
the previous,section can be interpreted as mainly 
due to the decrease in TlU2 with increasing y. 
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RCsurn&-On donne une interpretation de la variation observ&e des conductivites par turbulence ch dans 
un canal chauffe. Un modele homogtne qui suppose des proprittes de turbulence constantes et un Ccoule- 
ment par tranche explique l’allure du profil de conductivite par turbulence. La grande variation de ah 
prb de la paroi est expliqute comme &ant principalement due a la dependance vis a vis du temps du proces- 
sus de diffusion par turbulence. Alin d’obtenir un meilleur accord avec les mesures, le modele homogene 
doit &tre modihe pour tenir compte de la variation de la vitesse moyenne et de I’intensite de turbulence. Les 
valeurs de la constante de Von Karman relatives au transfert thermique sont calculees et trouvees en bon 

accord avec I’experience. 

INTERPRETATION VON GEMESSENEN ANDERUNGEN DER WIRBELAUSBREITUNG 

Zusammenfawmg-Es wird eine Interpretation der beobachteten Anderungen der Wirbelausbreitung eh 
in einem geheinten Kanal gegeben. Ein homogenes Model], welches konstante Turbulenzeigenschaften 
annimmt und eine Pfropfenstromung erkllren die grobc Charakteristik des Wirbelausbreitungsprotils. 
Die grosse Anderung von a,, nahe der Wand wird mit der Zeitabhangigkeit des Turbulenzvermischungs- 
prozesses erkllrt. Urn bessere ifbereinstimmung mit den Messungen zu bekommen, muss das homogene 
Model] verlndert werden, urn den Anderungen der Durchschnittsgeschwindigkeit und Turbulenzintensitlt 
Rechnung zu tragen. Dies wird gemacht und Werte der von Karman-Konstanten fur Warmetibertragung 

berechnet. Sie stehen in guter Ubereinstimmung mit dem Experiment, 

BHTEPIIPETAUBII PE3YJIbTATOB B3MEPEHklm BklXPEBOm 
fIPOBO#IMOCTkI 

AEHOT8pSi-,?$ETCR 06’6ficHeHMe Hai.lnro~aeHbtx H3HeHeHHH sHxpeHoH ~P~B~AHM~CTH eh n 
HarPeBaeMOM KaHaJH?. GnHOPOAHaH MOAeHb, B KOTOpOi XapaHTepHCTHKH Typ6yneHTHOCTH 
CYHTaKrTCR nOCTORHHblMA, a Te’IeHHe CTep?HHeBblM, 06’6HCHHeT OCHOBHbIe OCO6eHHOCTH 
npO@HHH BEiXpeBOi IIpOBOAHMOCTH. 3HWfHTWlbHOe I13ME!HeHlle eh B6JlH3ki CTeHKEl 06WICH- 

ReTCJJ, B OCHOBHOM, 3aBHCRMOCTbIO IIpO~C!CCa TJ’p6yJIeHTHOfi J@49’3HK OT BpeMeHK. &II% 

llOJlyW?HElR Jl)WllWO COOTBeTCTBBR C H3MePeHMRMM Tpe6yeTCR MOA&lI$I4Kal(ElR OAHOpOAHOzt 

MOAWIti AJIR YWZTEt M3MeHeHIllt CpeAHt?i CKOPOCTH II MHTl?HCHBHOCTII TJ’P6J’JIeHTHOCTII. npI% 

3TOi MOJ@NiKa~Hll PWYIHTaHbI 3HElYeHkiFf IIOCTORHHOii &lpMaHa AJIH TeIIJIOO6MeH3, KOTOPbIe 

XOPOIIIO CONI3CJ’EOTCFl C 3KCIIepIIMeHTOM. 


